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Abstract
We provide a proof of Wilson’s Theorem and Wolstenholme’s Theorem based on a direct
approach by Lagrange requiring only basic properties of the primes and the Binomial
theorem. The goal is to show how similar the two theorems are by providing the easiest
proof possible in a single unified argument.
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1. Introduction
In 1771, Lagrange [2] gave the first proof of an interesting property of the prime numbers
we now call Wilson’s Theorem.
Theorem 1.1 (Wilson’s Theorem). If p is prime, then
(p− 1)! ≡ −1 (mod p).
Hardy and Wright in their classic book [1] describe Lagrange’s approach to this theorem
and to an extension called Wolsthenholme’s Theorem, first proven by Wolstenholme [3] in
1862.
Theorem 1.2 (Wolstenholme’s Theorem). If p ≥ 5 is prime, then(
2p− 1
p− 1
)
≡ 1 (mod p3).
In the next section, we lay out Lagrange’s simple method in summation notation and in
the process see how similar the proofs of Wilson’s and Wolstenholme’s theorems can be.
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2. Wilson’s and Wolstenholme’s Theorems
Let x ∈ R and n ∈ N odd. Then
(x− 1)(x− 2) · · · (x− (n− 1)) =
n−1∑
k=0
(−1)kPkx
n−1−k (2.1)
where
Pk =
∑
1≤a1<a2<···<ak≤n−1
a1a2 · · · ak, ai ∈ N.
Note Pn−1 = (n − 1)! and we take P0 = 1, Pi = 0 for i < 0 and i ≥ n. Now, multiply
both sides of (2.1) by x and make the change of variables x = y − 1,
x(x− 1)(x− 2) · · · (x− (n− 1)) =
n∑
k=0
(−1)kPkx
n−k
(y − 1)(y − 2) · · · (y − (n− 1))(y − n) =
n∑
k=0
(−1)kPk(y − 1)
n−k
(
n−1∑
k=0
(−1)kPky
n−1−k
)
(y − n) =
n∑
k=0
(−1)kPk
(
n−k∑
t=0
(−1)t
(
n− k
t
)
yn−k−t
)
n∑
k=0
(−1)k(nPk−1 + Pk)y
n−k =
n∑
k=0
Pk
(
n∑
m=k
(−1)m
(
n− k
m− k
)
yn−m
)
n∑
m=0
(−1)m(nPm−1 + Pm)y
n−m =
n∑
m=0
(−1)m
(
m∑
k=0
Pk
(
n− k
m− k
))
yn−m.
In the third equation, we use (2.1) with the arbitrary variable y on the left hand side
and the Binomial theorem on the right hand side. In the fourth line, we use a change of
variables m = k + t on the right hand side and then switch the summation order to get the
final result. Comparing the coefficients on the left and right side, we see that
nPm−1 + Pm =
m∑
k=0
Pk
(
n− k
m− k
)
,
so
(m− 1)Pm−1 =
m−2∑
k=0
Pk
(
n− k
m− k
)
for 2 ≤ m ≤ n.
Now, assume n = p is prime. Then clearly p|P1 which implies p|P2 which together then
imply p|P3 and so on, thus p|Pi for i = 1, 2, . . . , p− 2. The case m = p gives us
(p− 1)Pp−1 =
p−2∑
k=0
Pk = 1 +
p−2∑
k=1
Pk
2
and since Pp−1 = (p− 1)!, we have
(p− 1)! ≡ −1 (mod p).
The congruence also easily holds for p = 2 and so we have established Wilson’s Theorem.
Since
(
2p− 1
p− 1
)
=
(p+ 1)(p+ 2) · · · (p+ p− 1)
(p− 1)!
=
p−1∑
k=0
Pkp
p−1−k
(p− 1)!
= 1 +
p−2∑
k=0
Pkp
p−1−k
(p− 1)!
, (2.2)
then p|Pi for i = 1, 2, . . . , p− 2 implies(
2p− 1
p− 1
)
≡ 1 (mod p2) for every prime p ≥ 3.
Now, let x = n = p be a prime in (2.1). Then
(p− 1)(p− 2) · · · (p− (p− 1)) =
p−1∑
k=0
(−1)kPkp
p−1−k
(p− 1)! = (p− 1)! +
p−2∑
k=0
(−1)kPkp
p−1−k,
so
Pp−2 =
p−3∑
k=0
(−1)kPkp
p−2−k.
Once again, since p|Pi for i = 1, 2, . . . , p− 2, then p
2|Pp−2 for every prime p ≥ 5. Therefore
by (2.2), (
2p− 1
p− 1
)
≡ 1 (mod p3) for every prime p ≥ 5,
which is Wolstenholme’s Theorem.
We can also easily show the converse of Wilson’s Theorem holds. Assume
(n− 1)! ≡ −1 (mod n)
and n is not prime. Since n is not prime, there exists a divisor d ∈ {2, 3, 4, . . . , n− 1} of n.
But this means d|(n− 1)! so d does not divide (n − 1)! + 1, contradicting our assumption.
Thus n is prime.
References
[1] Hardy, G., Wright, E., 2008. An Introduction to the Theory of Numbers, 6th Edition. Oxford University
Press, Oxford.
[2] Lagrange, J.-L., 1771. Demonstration d’un theoreme nouveau concernant les nombres premiers.
Nouveaux Memoires de l’Academie Royale des Sciences et Belles-Lettres, Berlin, 425–438. Online at
https://gallica.bnf.fr/ark:/12148/bpt6k229222d/f426.
[3] Wolstenholme, J., 1862. On certain properties of prime numbers. Quarterly J. Math 5, 35–39.
3
